Introduction
Let k be a perfect field. The aim of this note is to give a new proof of This statement is usually used to prove the k-rationality of such a surface.
The proof of [11] is indirect, so it appears that the present proof, which is conceptually very simple, is of some interest (2) .
Recall that a del Pezzo surface of degree 5 is defined as a k-form of the projective plane IP2 with 4 points in general position blown-up (we shall call this a split del Pezzo surface of degree 5; ''general position" simply means that no three points are collinear). In fact, we prove that for any del Pezzo k-surface X of degree 5 there exists a maximal k-torus T C GL (5) , such that X is isomorphic to the orbit space of T on the set of semistable points of the natural action of T on the Grassmannian G (3, 5) . If k is infinite we have plenty of semistable k-points since semistable points form a dense open subset of G(m, n). For arbitrary k the existence of a k-point on X follows from a simple statement known as the lemma of Lang -Nishimura ( [6] , [9] ).
The action of the group of diagonal matrices of GL(n) on G(m, n~ is briefly discussed in Section 2. In Section 3 we show that for m = 3 and n = 5 the corresponding space of (semi)stable orbits is no other than P~ with four points blown-up, a fact probably well known to experts ( c,f. ~2~ ). Note Proof. - (Aut(Y) )-invariant. The restriction of ( . , . ) to the orthogonal complement Kf is negative definite, and the elements with norm -2 form a root system A4 [7, IV] . By [7, ( 3, 5 ) . This is a homogeneous space of GL ( 5 ) twisted by a cocycle h : r --> W. Due to the fact that W E5 E5 naturally lies in GL(5), the cocycle h lifts to a cocycle with coefficients in GL (5) . Any such is a coboundary by Hilbert's Theorem 90. It follows that hG (3, 5) is isomorphic to G (3, 5) . If k is infinite, then k-points are Zariski dense on G (3, 5) , and so there is a k-point on ~G(3, 5)S, and hence on hY. Following (11~ we may end the proof in the finite field case by refering to a general theorem of Weil [12] that a smooth projective rational surface defined over a finite field k always has a k-point (see also [7, 23.1] ). However, a simple general argument is available, which I owe to J.-L. Colliot-Thelene:
LEMMA (Lang [6] , Nishimura [9] ).2014 If f : X -~ Z is a rational map of integral k-varieties, w~ere Z is proper and X has a smooth k-point, then Z has a k-point.
Applying this with X = G (3, 5) 
